
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 14 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Molecular Simulation
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713644482

Reverse Monte Carlo Simulation: A New Technique for the Determination
of Disordered Structures
R. L. McGreevya; L. Pusztaib

a Clarendon Laboratory, Oxford, UK b Laboratory of Theoretical Chemistry, Department of Chemistry,
L. Eotvos University, Budapest, Hungary

To cite this Article McGreevy, R. L. and Pusztai, L.(1988) 'Reverse Monte Carlo Simulation: A New Technique for the
Determination of Disordered Structures', Molecular Simulation, 1: 6, 359 — 367
To link to this Article: DOI: 10.1080/08927028808080958
URL: http://dx.doi.org/10.1080/08927028808080958

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713644482
http://dx.doi.org/10.1080/08927028808080958
http://www.informaworld.com/terms-and-conditions-of-access.pdf


Molecular Simulation, 1988, Vol. 1, pp. 359-367 
Reprints available directly from the publisher 
Photocopying permitted by license only 

Q 1988 Gordon and Breach Science Publishers S.A. 
Printed in Great Britain 

REVERSE MONTE CARL0 SIMULATION: A NEW 
TECHNIQUE FOR THE DETERMINATION OF 

DISORDERED STRUCTURES 
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Laboratory of Theoretical Chemistry, Department of Chemistry, L. Eotvos 
University, H-1088 Budapest, Hungary 

(Received March 1988) 

We have developed a new technique, based on the standard Monte Carlo simulation method with Markov 
chain sampling, in which a set of three dimensional particle configurations are generated that are consistent 
with the experimentally measured structure factor, A(Q), and radial distribution function, g(r), of a liquid 
or other disordered system. Consistency is determined by a standard x2 test using the experimental errors. 
No input potential is required, we present initial results for liquid argon. Since the technique can work 
directly from the structure factor it promises to be useful for modelling the structures of glasses or 
amorphous materials. It also has other advantages in multicomponent systems and as a tool for experi- 
mental data analysis. 

KEY WORDS: Monte Carlo, structure factor, radial distribution function, liquid, glass. 

INTRODUCTION 

The conventional approach to an understanding of liquid structure can be sum- 
marised as follows: 

Diffraction experiment 
1 

Structure factor A(Q) 
1 

Radial distribution function g(r) 
t 

Molecular simulation 
(Monte Carlo or molecular dynamics) 

t 
Interatomic potential 

Neutron or X-ray diffraction experiments give, after some small corrections, the 
structure factor A(Q). This may be Fourier transformed (provided that the Q range 
of the experiment is sufficiently large) to yield the radial distribution function g(r). 
Monte Carlo (MC) or molecular dynamics (MD) simulations based on an input 
interatomic potential produce sets of three dimensional particle configurations that 
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may be averaged over to produce a one dimensional g(r). The experimental and 
simulation results may then be compared. If we wish to know about the details of local 
structural ordering, other than simply coordination numbers and average distances, 
we can in principle examine the three dimensional structure produced by the simu- 
lation, on the understanding that this is only valid if the simulated and experimental 
g(r) are in good agreement. 

There are two disadvantages to this approach. Firstly we may not have a potential 
that adequately reproduces the experimental result. It is not generally possible to 
‘work out’ the required potential simply from differences between the results. Second- 
ly there is structural information that is easily apparent in A(Q), for instance peaks 
at low Q values, that is not apparent in g(r) since it involves small oscillations with 
a long r period. Comparison at the g(r) stage is not therefore ideal. The small size of 
the cell in most computer simulations limits the range of Q values for which A(Q) can 
be calculated directly, and hence comparison at this stage is not ideal either. To 
produce g(r) over a large enough r range that it can be transformed to A(Q) without 
serious truncation errors would require a simulation of N 5000 particles, which is not 
generally practicable with realistic potentials, particularly if these have a long range 
component. 

With the ‘Reverse’ Monte Carlo method described in this paper a three dimensional 
model of the structure can be produced that is sufficiently large to compare with 
experiment either as g(r) or as A(Q). The computer time required for this is of the 
order of hours on a typical mainframe, so the method may be widely applicable. The 
technique has a number of possibilities both for structural modelling and for experi- 
mental data analysis. No input potential is required; there may even be methods 
whereby the derived structures can actually be used to generate potentials. 

REVERSE MONTE C A R L 0  (RMC) SIMULATION 
The Method 

The algorithm for this method is essentially very simple, and easily understood by 
anybody familiar with standard MC techniques (see e.g. [l]). It may be summarised 
as follows: 
1 .  We start with an initial configuration. This is a three dimensional array of N 

points in a cube of side L. The array may be generated at random, it may be a 
lattice, or it may be a set of coordinates generated in a conventional simulation. 

2. Normal periodic boundary conditions are applied, i.e. the cube is surrounded by 
images of itself, and the radial distribution function gs(r), is calculated. 

3. A new configuration is generated by random motion of one particle (point). The 
new radial distribution function, g$(r)  is then calculated. 

4. These are compared with the experimental result for the system that is being 
modelled, g&), using a standard x2 test. 
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REVERSE MONTE CARL0 361 

where n, is the number of r points and cE is the experimental error. 
If x' < x the new configuration is accepted. If x' > x it is accepted with a 
probability that follows a normal distribution, with width 0. 

If the new configuration is accepted it becomes the starting configuration, other- 
wise the old configuration is retained. We then repeat from step 3. 
The process is repeated until x2 decreases to an equilibrium value and oscillates 
about it, as with the energy in a conventional MC simulation. We then continue, 
saving one accepted configuration in N ,  again as in conventional MC. The 
average g, ( r )  calculated from these configurations agrees with experiment within 
experimental error, the errors having an approximately normal distribution. 

This is the algorithim for comparison at g(r) level. If we wish to compare A(Q) then 
the simulated gs(r) is transformed between steps 3 and 4, 

1 = e J 4n r2(gs(r) - dr sin Qr 
1) - Qr 

(3) 

and in step 4, xz is calculated using AE(Q) and A s @ )  rather than gE(r)  and g&). 
Otherwise it is identical. 

The original idea for using Monte Carlo simulation of an array of points to analyse 
liquid structure is due to Soper [2], who has applied it in one dimension to the complex 
case of water in porous media. 

Note added in proof: since completing this manuscript the authors have discovered 
a number of earlier papers [16, 17, 181 in which the Reverse or Inverse Monte Carlo 
Method has been used to model a variety of physical data. The earliest of these is due 
to Kaplow et al. [18]. 

Calculation Details 

When we begin the process it is necessary to calculate g(r) in the normal way. However 
between each step it is only necessary to calculate the change in g d r )  due to the moved 
particle, rather than the complete gi (r ) .  Since the former takes a time approximately 
proportional to N ,  while the latter takes a time proportional to N2, the saving is 
considerable for a large system. It is this that makes it possible to make N large, and 
hence to make L large enough that gs(r )  can be transformed to A,(Q) without 
truncation errors. 

gE(r)  is zero below a certain value of r, r,, corresponding to the fact that particles 
in the real system can only approach each other within a given closest distance. We 
can therefore automatically reject a new configuration at step 3 before calculating 
g$(r)  if the moved particle is within ro of any other particle. In a conventional MC 
simulation the maximum distance that a particle is moved between two configurations 
is chosen in order to make the ratio of accepted and rejected configurations some 
reasonable value, for instance 0.5. In this simulation this has not been found to be a 
reasonable approach, since it would result in a very small maximum distance, so the 
distance has been chosen to be a physically realistic value, 0.3 A. The acceptance ratio 
is 1: 0.2 (see the following section). 

the values of crE(Q) can be determined directly from experi- 
ment. They will be approximately constant except at low Q where they will tend to 

When calculating 
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Figure 1 
RMC calculation (broken line). 

Radial distribution function g(r) for liquid argon; comparison of experiment [3] (solid line) and 

increase proportionately since A ( Q )  is small. In the present case we have assumed 
oE(Q) to be a constant, 0.03. However it is not obvious what to use for oE(r) sinceg,(r) 
is the transform of A,@), and hence statistical errors will behave differently from 
systematic errors. In general oE(r) will decrease rapidly with r, perhaps as I/?, but in 
this case we have also used oE(r) = 0.03. This difficulty with errors is another good 
reason for making comparison with experiment at the A(Q)  stage. 

When comparison is being made at  this stage, and a large simulation is therefore 
required, convergence from the starting point can be speeded up by the following 
method. We start with a small simulation (say 256 or 512 particles) and compare with 
g E ( r )  over the range r = 0 to L/2. When convergence has been achieved the size of 
the simulation is doubled to 2L and the new starting configuration created from 8 
images of the final configuration with size L. If required this is repeated until the size 
is large enough to enable direct transformation to A, (Q) .  The criterion that a simu- 
lation is sufficiently large to enable transformation without truncation errors is that 
all oscillations in r(g(r) - 1) have disappeared at r = L/2. At this point we then 
make a comparison of r(g(r) - l), since this is the quantity that is actually trans- 
formed to give A(@),  before finally comparing to A@).  

Initial results 

In Figure 1 we show gs(r) for liquid argon compared with the experimental result, 
gE(r)  ( T  = 85K, e = 0.02125 k3), of Yarnell et al. [3] In Figure 2 As(Q)  is compared 
with AE(Q>.  The details of these simulations are given in Table 1. 
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Table 1 Simulation details and timings 

N 

L (A) 
Starting configuration 

Number of moves to 
convergence 
(total/accepted) 

Time to convergence 
(CPU mins) 

Number of moves after 
convergence 
(total/accepted) 

Time after convergence 
(CPU mins) 

Number of saved 
configurations 

Time per saved 
configuration (CPU mins) 

U 

512 

28.88 

Hard sphere 
simulation 

10697/2070 

6 

147391125000 

90 

50 

2 

0.06 

0.03 
0.075 

4096 

57.76 

Equilibrium config. 

6838411 1420 
from g,(r) ( x 8) 

425 

I08751 /I6384 

1115 

5 

308 

0.06 

0.03 

0.05 

The CPU time used (given for a VAX 8800) is comparable to that for a conven- 
tional Monte Carlo simulation, so the RMC method may be widely applicable. It is 
possible that the time may be reduced somewhat by refinements to the code, and since 
it is readily vectorisable the use of an array processor would result in a considerable 
increase in speed. 

It can be seen in Figure 2 that A J Q )  only deviates significantly from AXQ)  for 
Q < 1.5 k', and that A,(O) = 0. This is to be expected from the finite simulation 
size; since the number of particles within the box is fixed there can be no long 
wavelength density fluctuations, so the compressibility (which determines the Q = 0 
value) is zero. In principle A,(Q)  can be calculated down to Q = 2 4 L  = 0.1 1 A-' . 
Deviations may occur for Q larger than this because the total integral of 
Q(A,(Q)  - 1) is fixed, so any deviations below A E ( Q )  at low Q must be matched by 
deviations above at higher Q. 

DISCUSSION 

We have so far given details of the algorithim and shown initial results for liquid 
argon. It appears that a three dimensional structure has been derived using one 
dimensional information, which is strictly impossible. However it is worth stressing 
at this stage that RMC is a method of modelling a structure, and only produces a result 
that is consistent with the experimental data. The three dimensional configurations 
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Figure 2 Structure factor A(Q) for liquid argon; comparison of experiment [3] (solid line) and RMC 
calculation (broken line). 

produced are not unique, and those produced by other methods may differ in ways 
which may or may not be significant, depending on the application. In this respect 
they have as much validity as those produced by any other computer simulation. It 
is not possible to determine which technique produces the ‘best’ configurations, since 
comparison is necessarily based on a limited, and sometimes different, set of criteria. 
These may be radial distribution functions and structure factors or, for instance, 
thermodynamic and transport properties, depending on the method and aim of the 
simulation. The limitations should therefore be remembered, as with all simulations. 
It is also worth noting that RMC is no different in principle to the method of Rietveld 
refinement [4] that is widely used for determining crystal structures from powder 
diffraction patterns. Some possible applicatipns of RMC are discussed below. 

While experimentalists work hard to obtain accurate diffraction data for dis- 
ordered systems the amount of information that is actually used, when the radial 
distribution function has been obtained, is generally very small. Normally this 
consists simply of the average atomic separation (first peak position) and the local 
coordination number (first peak integral). With the RMC method some more 
detailed ideas of real geometric structure can be obtained. The more accurately 
the structure factor is measured the more difficult it will become to obtain a three 
dimensional model that is consistent with it, and hence the more realistic that 
model becomes. Methods of determining and representing angular correlations, 
ranging from Voronoi polyhedra [5] to invariants of spherical harmonics [6] have 
already been developed to analyse the results of conventional simulations. 
In experimental studies of the structures of glasses and amorphous solids there are 
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many techniques for obtaining structural models. While some results are obtained 
with conventional simulations these are often not in good enough agreement. 
Another approach is the creation of a physical ‘ball and stick’ model, relying on 
interpretation of the data and additional information such as known bond angles. 
The coordinates of such a model are then fed into a computer and g(r) calculated 
[7]. This structure may also be ‘annealed’ (Monte Carlo simulation at zero 
temperature) under a given potential, and then compared to experiment [S]. As 
with standard simulations this relies on an input potential. The size of the model 
is therefore limited and real comparison can only be made at the g(r) stage, which 
is unsatisfactory for the reasons already given. With the RMC method a three 
dimensional model can be created directly from the measured structure factor; 
additional information such as molecular bond angles can easily be included. 
The neutron diffraction technique of isotopic substitution is now widely used to 
obtain the partial structure factors and partial radial distribution functions of 
disordered systems. For a binary system, for example NaCl [9], we can alter the 
scattering cross-section of CI by using different mixtures of isotopes 35Cl and 37Cl. 
By making three measurements of the total structure factor F(Q) for samples with 
different isotopic compositions we obtain 

3. 

F(Q)  = b:(A++(Q) - I )  + b?(A--(Q) - 1) + 2b+b_(A+-(Q) - 1) 

F(Q)  = b: (A++(Q)  - 1) + b’Z_(A--(Q> - 1) + 2b+b-(A+-<Q> - 1) (4) 

F(Q) = b : ( A + + ( Q )  - 1) + b’r*(A-- (Q> - 1) + 2 b + K ( A + - ( Q )  - 1) 

where + and - indicate the ions Na’ and CIk respectively, and b, is the 
scattering length of the relevant atomic species. We therefore have three simu- 
ltaneous equations which can be solved to yield the partial structure factors 
A,,(Q).  While this is in principle very simple it may in practice be very difficult due 
to the small differences between scattering lengths of the isotope, and the resulting 
poor conditioning of the system of equations. Complex iterative techniques of 
numerical analysis may have to be used [lo]. 
The RMC method can be used to compare a generated three dimensional struc- 
ture, composed of more than one atomic species, with any number of total 
structure factors. If no suitable isotopes are available then only one structure 
factor is used, and additional information (such as discussed above for glasses) 
may need to be included in order to produce a ‘realistic’ structure. If isotopes are 
available then a number of total structure factors may be used; the partial 
structure factors and radial distribution functions obtained must necessarily 
therefore be consistent with a three dimensional structure, and hence with each 
other, which is not the case for conventional direct solution methods. Partial 
radial distribution functions, although one dimensional in themselves, contain 
information on three dimensional ordering when taken together, and this in- 
formation is now used quantitatively rather than qualitatively. 

When used as a technique for data analysis in this way, the RMC method may 
be readily extended to include effects such as experimental resolution. This may 
be particularly important for experiments using pulsed neutron sources [ 1 I], but 
will not be discussed further here. The maximum entropy (ME) technique [12] is 
at  present gaining popularity as a method of data analysis that can similarly deal 
with problems such as errors and resolution. While RMC is not as fast as ME it 
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has the advantage that considerable extra information, i.e. a three dimensional 
structure, is obtained. 

One goal of theoreticians has always been to generate interatomic potentials using 
experimental diffraction data. This has been tried by inversion of the solution of 
one of the integral equation methods for calculating structure [13, 141. The 
problem with this approach is that it relies on the validity of the particular integral 
equation, and the inversion is a complex iterative process. Now that a three 
dimensional structure consistent with diffraction data can be generated it is 
possible to think of new methods for generating potentials. 
One approach would be to use the Born-Green force equation [ 151 

4. 

where V,  indicates differentiation with respect to r l  . Since the three particle corre- 
lation function g(3) can be calculated we can solve this integral equation to 
determine the force, V+, and this can then be integrated to obtain the potential 
4. The advantage of this method is that a numerical potential is obtained that 
does not have any pre-determined empirical form. The only assumption is that the 
potential is a pairwise additive function. Even if this is incorrect we would 
nevertheless obtain a ‘mean field’ two body approximation to the real many body 
potential. 

These various applications will be discussed in more detail, and applied to real 
systems, in later papers. 

CONCLUSIONS 

We have described a new computer simulation method for the determination of 
disordered structures. The algorithim is simple, and has been shown to be sufficiently 
fast to be suitable for use on most mainframes. A number of possible applications 
have been discussed. 
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